Path-Sum: a New Avenue for Spin Dynamics
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Standard equations in NMR

OBJECT-ORIENTED m Schrédinger equation
MAGNETIC RESONANCE state vector

ot %|‘I’(t)>=——il7(t)|lll(t)>
LK

i}
W

| m Liouville —von Neumann equation
- density operator
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d [ _
— p(t) = —— [H(t), p(t
= P(O) = —= [H(®),p®)]
Dyson time-ordering operator
~ t
U(t',t) = OE[-iU(t',t)| = T exp(—i f U(t)dr)
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— evolution operator

— « exponential » of a (time dependent) matrix




The evolution operator U(t)

» a general mathematical problem: coupled LDE with non-constant

coefficients a;;(t’), a;,(t')...

AU t) = %U(t’,t), U(t,t) = Id,

N (finite)
C——

a;1(t) agp(t')

A) =1 ap1(t)  az(t) .. |N
bounded (over [t, t'])




The evolution operator U(t) and the ordered exponential

Dyson time-ordering operator
tl

U(t',t) = OE|-iU(t',t)| = T exp(—i j U(t)dr)
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An introduction to Path-Sum

G = (Vertex set, Edge set ) Adjacency finite matrix A,
aqy A1 Q12 Qi3
self-loop A¢ = dy1 Ay (Ar3
0
directed edge 0 132
a2 1
az1 entry: weight on a directed edge
as; 1 ...end
\_/
az2

ai
az1 ais

ex.: walk %, _ , (from7/, to?,) of length 4 0 % @
2

Giscard, 2012 start ... 6



An introduction to Path-Sum

the powers of the Adjacency matrix A¢ on a graph égenerate

ALL weighted WALKS % on &

a1 X A1 + A1 X Ay + Aq3 X A3

2
2 di1 d12 433 weighted 7 of length 2 from 7, to7,
A =| Q21 0422 A3 |= (1<2)
g
0 a3, O
ai ai a1
b 1 1
o o
aj @31 =0 as; a3 =0 ai, az; =0
az, ass azi a3 az1 a3
® azz o @ azz o ® as; o
2 3 3 2 3
aszz =0 a3 =0 a3 =0
a;, azs a;, azs a;, a3
[2 = an0y t aq203; T ay3a3; ]

N. Biggs: Algebraic Graph Theory (1993) IehilylcElale[eTolelalelTsiMpgFlgle1=t




Simple paths and simple cycles

O simple path 2 (self avoiding walk): 2/ whose 9 are all distinct

O simple cycle € (self avoiding polygon): 2/ whose endpoints are identical and intermediate
2 are all distinct and different from the endpoints

ai ais

1 1
P 0 C o
a,z as; asz asy
q _) azi as az a3
o azz [ o asz o
2 ™~ 3 s 2 ~__~ 3 a3

az, az3 az; azs

« Fundamental Theorem of Arithmetic on & » (Giscard, 2012)

» 2 factor uniquely into prime elements, i.e. simple paths and simple cycles

> if éis finite the number of primes is finite

» resummation of all ZZ involves a finite number of operations: sum on simple
paths and continuous fraction of simple cycles with vertex removal
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Resummation of @¥ on a graph: an illustration

Q ci+tci+ci..= —
|
(fraction)
Vo
Co 1
Q ci+¢5+cy+cq050q ... = p—
C1 (fraction)
Vo
C
2 . () B 1
4 C1+C1+C1C2+'“ — 1
1-— 1 — C, C1

% (continued fraction)



Resummation of @ on a graph: an illustration

C
Co 3

C1

Yo
1

;(@//ci)—l ——,

_ 1—-c,
1 1—C4

(continued fraction)

iIf Zis finite: the continued fraction is unique and finite

10



Power series of A¢

remember: / (Ag)é — ( (A¢)f)a )

each element of A;is given by the

sum of the weighted % of length é(standard X operation)

F(Ag)waz 2 4—0 €4 Zwéaw-éa“’h" X App, X Qpy g

power series of A, all weighted walks 2/ from %, 1o, of length &



Power series of A¢

remember: / (Aq) — (A¢)(D0L

each element of A; Is given by the

sum of the weighted 2/ of length £ (standard x operation)
o
F(AgQ)wa= 2 40 €4 Lo Aohy, X Apghy X Apyg
g,aw; é

power series of A, all weighted walks 2/ from 7, to,, of length &

« Fundamental Theorem of Arithmetic » on g (Giscard, 2012)

» 7 factor uniquely into prime elements, i.e. simple paths and simple cycles

» if Zis finite the number of primes is finite

» resummation of all zZinvolves a finite number of operations: sum on simple
paths and continuous fraction of simple cycles with vertex removal




Power series of A¢

F(Aé)wa: ZZOZO Cy ngaw-éawhk ce X Ap.h, X Ah, o

power series of A, all weighted walks ‘2¢ from 7, 107, of length é

P Sun_

FADue= ) F(@00) X Qg o f (@) By X (@)

PG AN AN

edge weight effective 9/ weight

sum on the finite set of

simple paths 2 of length ¢ sum over the finite set of simple cycles €

(continued fraction of finite breadth)

Giscard, SIAM, 2013 13



Some operations on matrices A¢ using Path-Sum

ex.: matrix EXPONENTIAL

1 2 1 o)
|13 4 -8 o0
A_—59—3
/ 0 0 1,6,

entries: real, complex numbers,

matrices, blocks of matrices....

(1037 1931\ —-478  51.95
A_ | 4338 —449 ¥ —4281 154.68
€ — | —492 4455 [~25.70] —35.24
1896 4955 11.74 363.50
o _/

14



Some operations on matrices A¢ using Path-Sum

Al NNNEH YNNE
| O~ [
AL DRI CIE RN

CEEIN DR IWIN

hhbh JNNEN

CIOIEIN | EINIE T ]

BN T NENN

COEIN | EINC
CICINCT WA I
NNEN NHEN YNEN
LICINCT NIEEN CE N
CIOINET DWW DRI
NNNE NNEN | ] N
LN NN NNEN
CIOIEIN | DN BN
BN N N NG N
OO NN NNNE
O W I EE TN
.| b JEEEN
B I (N NG N

15)

one partition of A (among By

15



Some operations on matrices A¢ using Path-Sum

1
|3 4 |=8 o — 1
A = -5 91 5 |=3
0 0l[1] /6 12 5 6

- / 3 4
Lo D 5

1
Ao 59)(s—11—z))(_18)§
self- Ioop self-loop | | -3 s-4
2 3 self-loop :
25352 2152 | 7 \ N
A_

ef=|. . [“2570

3 simple cycles (€) from ¥, =Y, \ ./

16



Some operations on matrices A¢ using Path-Sum

1
1 2 _ 3
(1037 19.31\ 478 5195 —8 3
A_ | 4338 -4.49 ¥-4281 15468 —c 9 1
€ = | —492 4455 [~25.70] —35.24
1896 4955 11.74  363.50
~ o1 2 5 6
3 4
Qﬂ(sn 1 @?hs
s-5-COE® -5 9 (G =73)Cy
Pl (—3 3—4)
self- qup self-loop : -
2 3 self-loop
o
2-3-2 22152 \

e " "—|.. ..|-2570

3 simple cycles (&) from ¥, — Y, \




Some operations on matrices A¢ using Path-Sum

A N
Sisie
B
I : |

_ _
—len P o

\_'--1--Y

Al NNNEH YNNE
| O~ [
AL DRI CIE RN
ENNN LN DN
LWL NN LN
] ™ |~ |~/ I
NENN LN NENNY
O] DIDEIN DN
CICINCT WA I
NNEN NHEN YNEN
LICINCT NIEEN CE N
CIOINET DWW DRI
NNNE NNEN | ] N
LN NN NNEN
CIOIEIN | DN BN
BN N N NG N
OO NENE NN
N | A U N I N
N b RN
I I [ NV N N

15)

another partition of A (among B,

18



Some operations on matrices A¢ using Path-Sum

........................... : 2 0
(L2 1 o0 L o 3 2
A= o 20 5T
:_5 9203 0 _ 1.
0 0 1' 6 1 1 4 0
——— A I
\< / _t = 0 6
_—1(5,1) 1
GGG Do)t 4
self:lloop & self;oop )
| 1521
2 q0.37 .. —4.78
€ = |-192 . [z5.70

2 simple cycles (€) from ¥y — Y,




Some operations on matrices A¢ using Path-Sum

: 2 0 :
----------- 1 _9i 2
{1_{13_7_! 19_31\ |__.2r_7'_gi_ 51_95\ i9..T3
A— |4338_ —449 Y4281 154.68 13 —gl
€ = |[—4.92 | 4455 [—25.70] —35.24 o 1,
18.96 49.55 11.74 36350y o W oom=m=-—-
-5 5 0 6
@(511) 1
— 75 0 1 1, /2 0 1 3 -8\
(0 s)_(—S 5)_(9 _3)((534 50_6))(0 1) %)
self-loop self-loop
1 2
) 1 2 1
q0.37 .. —4.78
A—| .. .
e — —492 .. |-25.70
"

2 simple cycles (€) from ¥y, — Y,




Some operations on matrices A¢ using Path-Sum

ex.: matrix INVERSE 1 31 2 ﬁz 3

Available online at www.sciencedirect.com

"=, ScienceDirect

Nevauites
ELSEVIER Applied Mathematics and Computation 197 (2008) 345-357

Explicit formula for the inverse of a tridiagonal matrix 1 2 3
by backward continued fractions| @
Emrah Kilig 2008 ath 3
TOBB University of Economics and Technology, Mathematics Department, 06560 Ankara, Turkey 1

. _ o1 = B1 . .
| py 0 a2 ~P25592:

T=1[t;]= |0 o P self-loop

|00 os ] 1 sglf-lé)op

81

: o self-loop
1 B B8, B0, i ; :
1 1¥1 Y1202 . :

I = (—b Cb((-,b)z + OV (P2 : : 3

1 2 | ( l) ((3) C3

2—>3—>2

0510 /;2 (52

N 1]/3253 — 0 003 +ﬁ]13(5| ' 1 > 2 > 1

easy to handle Path-Sum for ath (tridiagonal matrices) 21



Summary (partial)

» a finite time-independent matrix A¢ associated to & (bounded entries)

» each entry of a power series of A¢ IS given by a finite number of
operations by using Path-Sum (with X product)

B the matrix nature of the problem is fully replaced when working on entries
B or, one can keep it partially — PARTITIONS (scalability)

B calculations of resolvents by Path-Sum lead to expressions
when Ag IS time-independent

22



Outline

m From Exponential to Ordered Exponential

23



An intuitive interpretation of the Ordered Exponential (time depend. matrix)

m (s;|U(t)|s;) corresponds to the sum of all walks % from 7 to % on ¢
including all possible jumping times for each transition between vertices

of g
ex.. consider the 3" term of the Picard (Dyson) iteration:
— A(ty) A(ty) Alts)
ex.. the {1,4} entry of the matrix reads:

— [At) Aty) Alta)]i1a = Zik A1) 1,i A(€2) ik A(E3) ks
/ \
weight of 1 — i Edge weight of i — k Edge ...

— 2 from 1 to 4 of length 3

finally: time integration over t,, t, and t;5: all %, for

all possible times, for all jumps between vertices
24



Ordered exponential

f [ \

OE 44|, 0)=| <5, |0E[a (e 1)|s; >

. J

» resummation of all 2 involves a finite number of operations: sum on simple

paths and continuous fraction of simple cycles with vertex removal

2. ALL weighted walks j < i on Ay

but using and

instead of X

Giscard, J. Math. Phys., 2015 25



Time dependent 2 X 2 matrix N i P
OE[A](t’,¢) = S

0E21(t'»t) f GK zz(t T)dT
'

=1[1. — a1 — a12 * G,\(1y22 ¥ A1)

continuous ;
@

fraction on ° .
simple cycles @ GKZ\{l},ZZ = [1. = az;]
[ ] ’\

¢//’ ~\~ t! ‘
<< QE12(t t) —>j Gg,\(2}11 * Q12 * Gy, 55 (t'7)dr @
Ssal LT t
S 7 » END of the continued fraction !
sum on simple /PY. > END T ienmene

» finite sum on simple 2 26

paths




Summary (partial)

E GK3,11j= [g,};_hlz * GK:;'-[‘}-ZZ * hzl —hls * GKH‘...;I_}.:;:; *hal > t t t
—— —— exact representation
NN N AN (transcendent, special functions...)
-"‘ @ = hy3* Ggp\y33 *Raz * Gig\ay.22 * Moy
£ » non perturbative, super exponentially CV
- /"\ Y
— haz* G122 *has * Gigyay33 =] » always closed form in

L S |

Gro1y2z = [1e =haa —hoz * Gy,\(12),33 *haa]™™!

» Neumann series: analytic, closed form at
fixed accuracy

1vertex <= 2 vertices
L L

27



Outline

ay

ajn \\\\(131 =0
azi a3 ‘\
\
\
A4
/a\ .
A
\/ [‘ 3 !

~ /I’ asz3 = 0
az, ays

(a)
08

06

m Analytical results Fos

0.2

i
)
NN

0.0

;nf HNMWJJMJ\,@
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Linearly polarized excitation, Bloch-Siegert (BS) effect: analytical solution

Ki(t',t) = —ihy (1)) +—

H() = ( = Zﬁcoi(mt))
2fcos(wt) —==

X hys(11)dT2d 1),

- 7 6B (e2 — 1) i () o)
: ©)
Gy = (1, _KT)*_ =l + ZH}U T

¢
K;(n-l-l) — j Kj';(n) (t’, T)K? (T, t)d T
t

individual

t t
cll Ut 1)ss = Gi(t,t)dzr, Ut 1), = G (z,t)dr,
1 t s !
! I

entries of

U(t) are U(!'!,f)”—

now — above terms and simple paths
available U(;”’ ”Tl 29




Linearly polarized excitation, Bloch-Siegert (BS) effect

» visualizing the solution at analytical / numerical level

(a) (c)
0.8F ' ] 1.0F
0.8
0.6 ]
2 o Sos
> + 0.4 1 t
2 fF £ 0.4
S 0.2 0.2
_g 0.0} , 00t N
o 0 1 2 3 4 5 00 01 02 03 04 05 06
= wt wt
) ()
c 0.12 0.8F
© 0.10
= ~ 0.08 . 0.6¢
2™ 3 AN
c ¢ 0.06 204 \ %
©  a 04 a 02l \
+ 0.02 ' U
= 0.00}/ , , ik oof/ M VMV W 3 0.0} , . .
o 0 5 10 15 0.0 05 1.0 1.5 2.0 25 3.0 3.5 00 02 04 06 08
wt wt wt

pB/w K1 weak
B/w > 1strong

ON and OFF resonance

Giscard, Bonhomme, Phys. Rev. Res., 2020 30



Linearly polarized excitation, Bloch-Siegert (BS) effect

» analytical formula

s50f !
\
\
40 \ ;-g s Blw=0.13
\ = / }
— 3 )3
75 \ 02 08 )
() \ ool Sty
20 \\0 5/ 10 J,? 20 25 o<
~ 0706, 8 10
10 \'\ /2 ) ms 1
—
0 —
0.0 0.1 0.2 0.3 0.4 0.5

0.15}

0.10

0.05

P(t) transition probability

0.00

H(D = % Zﬁcoi(mt)
2Bcos(wt) —?”

spin flip duration, tsf

| 12 15 3
ty = Ve ——w—2 T 2\/91,83—88,86w2+16ﬂ4w4
E‘/E( +f)——\/ (129 + 67/3)
- '8—3\/1(161%1 + 55454/3) + O(BY) (11)
1280V 2" T T T '
B/w <1
order O of the Path-Sum solution
G‘TO’ =8(t',1)
) 2 2
D e PP B » B,
P )= = sin(2 2 t 02 cos(2wt ).
31



Separable (degenerate) kernel K

K (t’, t)

Gaa(t’» t) — [1* — Qqa — A ]*_1

[1* o aww]*_l * Ay

1

1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
| |
1 function of one !
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1

time variable

—

separable

CLOSED-form

separable

(Pleshchinski, Tagirov, J. Math. Sc., 1995)

» the solution of a linear Volterra equation of second kind with separable K
IS necessarily separable

conclusion: K(t’,t) is separable 32




A fundamental consequence of separability: Accelarated Neumann Series

a series related to ORDINARY resolvents (here u, v are formal variables)

| -
o —————— i .
1 Pl 1 :+ uv 1
— hod X
Il —u—w il_—_;u___ﬁ_l_—__uj (I—u)(l—v) 1—u—uv
| iteration... |

1 Z (uv)k IR
l—u—w (1 —u)k I—U)’“Ll—ul:l—ui

|
|
|
i ¥
|
|
|
|

I
I
I
I
formal series |
I
I
I
I

« accessible »

33



An interesting consequence of separability: Accelarated Neumann Series

. T -
1 bl I uv 1 :
- = : K- :+ - - X - | a0 d
l—u—v d—u 1—vy (1—u)(l-w l—u—wv .
II CoTTTTTmeee _iteration)... ) t | RK — Z T*k & * RKi )
| | | k=0 =1
1 /< (uv)* 11 |
l—u—uv \ go(l _'u')k(l_l")k},tji}:i |
e e e e — «accessible>» -
K(t' t):= Y K(t't).
» extension to non—commutative *~ product i=1 1
» Rk (t', t)in terms of Rg, (t',t) all accessible K;(t't) = a;(t")b;(t)

CLOSED-form

34



Linearly polarized excitation, Bloch-Siegert (BS) effect

in the case of ultra-strong regime, i.e.

K (1) = —2i 0 cos(wt)

(1) = —2ip (cos(wt) 0
/120

Ky(t) = —la)()( 0 _1/2).

(;((l(‘(‘,())(ll, / ) —

t’
/(}l(t’,r)(Iz(t,l)clr.
t

[Utace0) (£ )]’

J

the first term of the
Accelarated analytical
Neumann Series is

sufficient

)

and

ON and OFF resonance

(a) (b)
1.0 1.0 oF;
I T T f 7 |
EOG\IHH JW IHIH M‘ S0 \ / \\ [
o 04| | il | g 0. !
R HE | f
A L e AN
Vo ¥ ¥
0'00 1 2 3t4 5 6 0'00 2 4 8 8 10 0'00 10 20 30 40 50
w wt wt
(d) (e) (U]
20 2.0 1.0
- - o8 [l b b b
b A S L L ] S .
] / oUW W Zes L
10 A o 10 |‘l|‘il|‘| u”n”l l\Wu“l l".'U'.‘II |”'LH"|‘ Toa | | || | | |\ |‘ |‘ |‘
uj? 5 U BT ,"‘I I"\. / 'w.“ ujc_’ 0.5 ‘| ‘I | [ R R Sz o I | [ | ]|
0 J \\/I \/ \\/I \'-\J/ 0.0 o ‘“\MI‘ I‘“--«.'J I‘“M‘I I‘w,“‘l I 0.0 ,.J'I I‘L...J" “,_..J" "u__,‘l‘ !
Q 5 10 15 20 25 30 0 5 10 15 20 25 30 0 5 10 15 20 25 30
wt wt wt
(9) (h) (i)
25
NN A 4 6 |
o "\ \ /\ /\ /\\ ol L Y Y T T B B
X ~ \ I A T T
§1°//\/\/\,f AN RNENEN YRR
- 5/ \ U" NJ[ \\j \ j - _g I‘lllﬂl‘r‘al‘h" I‘lllnll"J“‘\l‘ I‘.,\"nl’b"\.." "I“nuw' I‘|,‘"\‘l'J"\||‘I " 0 'I‘Il|‘ l“l“ll'ﬂ lﬂm} anmJ‘l lﬁmllll
ol/ -
0 5 10 15 20 25 30 0 5 10 15 20 25 30 0 5 10 15 20 25 30

wt

wt

Giscard, J. Integral Equations Appl. 2020
Giscard, Bonhomme, Phys. Rev. Res. 2020

wt



Linearly polarized excitation, Bloch-Siegert (BS) effect

H(D = % Zﬁcoi(a)t)
_ 2Bcos(wt) —=2
Accelarated Neumann Series — z

U@e) ;) = (COS (% Sin(fﬂf)) 4 ¢ giont _ | —isin (% sin(wt)) )

—isin (22 sin(o1)) cos (2 sin(wt)) + eziont _ |

f’ (iwge_%"“’(” sin (2‘6 [sin(wT) — sm(wr)]) —%woe%"‘”“’ sin (%[sin(wr) — sin(wr)]))d
T.
0

%woe_%f“"" sin (;‘B[sm(wr) — sm(wf)]) —iwoe%i“’of sin” (%[sin(a)r) — sin(a)f)])

(b) (c)

1.0 1Ao
oa\ ﬂ 038 rﬂ{\ﬂlﬂ/\ﬂxﬁﬂﬂr[‘ﬂf’
' .\ B AR
=06 =086
:il 0.4 fo.4
02 \,/ \/ \/ 02
0,0 0.0
10 0 10 20 30 40 50
wt wt
(e) (U]
2.0 1.0
= = =08
<%, , ; . =15 I = “
200 (N NI A mm‘ I T Y Wﬂ M\ 'IW M M‘
o T ] @l i U‘\ \U M od | R | | |
Lﬂx “ | “ “ \ “ 1 I‘ ) ‘ ‘ lﬂx . ‘
2 5 ,»"; /." RN / '\\ / \l] =05 .“ I\ ; \ \ \ ‘\ | I\ |‘ <02 “ “ l‘ [ J \I \l \ [
o+ v \/ AV v 0.0t Y ‘“‘m-" "‘vw"‘ "‘m‘” 0.0~ - .,M' '.w' \W-
0 5 10 15 20 25 30 0 5 10 15 20 25 30 0 5 10 15 20 25 30
wt wt wt
(9) (h) i)
25
N\ N N\ 4 6 | P T T B
320 A / f\\ \ 2 czy-"‘f“" [ M ) = ‘Wﬂ‘ Wﬂ‘ |'Wl'ﬂ| Wﬂl \UWH‘
::15/ \"/‘\7_2"““:"."‘. HIENREERRER
210 \ / \ J / = L O O A T B Sda | | | | I I O I
Es/\f \ [ g bl ] o N N R
\ T m [ I m |
of U \/ \/ \ -8 L CU L L
0 5 10 15 20 25 40 0 5 10 15 20 25 30 0 5 10 15 20 25 a0 36

wt wt wt



Outline

m Implementation in Mathematica
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Implementation in Mathematica

[ 0 0 0 0
< @a0/T )-YT o 0 0
0 —1/Ts  —Aw,(1) 0
0 —Awy () —1/T3 0
) L) 0 0 ~1/T}
La(t)=
0 0 0 —)
0 0 0 0 0
0 —DJw(1)/2 0 0
0 0 0 0
/T 0 0 0
v

t dependent matrix (sparse)

0
(O}
—1/Ts
—Aaw(1)

uw, D-J events, relaxation times...

in: DNP simulations

—Awy(1)
-1/T

see: F. Mentink-Vigier et al., PCCP, 2017

D.]ab(t)

) &
0
0
0
0
0
0
0
0
-1/7
© O 00000 O0O0O0
@19999199
111000000
© 0110000600
_A_1aeallelee.
@ 0001116000
© 0000110600
©1 00610061160
© 00000016060
10000000601

w
(o0}



Implementation in Mathematica

entries: 1 x 1 matrices

In[«]= A=

-e

4

H OO0 O 0+H OO0 FJIIEII

O 0O-H 0O 000 KMKO

® 0O HO0OHH OOO O®
®© 00 MM OOO O
00 M OOUOLO O
O HOOHK OOHKO
0 H OO 000D O
= O 0 0 00 OO0 0O

0 000 00 H K KO
000D H RO

Inf-]= (xPATH SUM MODULES;
PrimeSet : returns the prime set of a walk;
PathsGen : gives all the primes of a prime set that are from vertex i to vertex j;
Cycle : gives all the prime cycles off a given vertex,

that are given in a given prime set and do not cross a specified set of vertices;

WDVertex: gives weighted dressed vertices;

WPathSum: gives weighted prime paths;

RandomPrimelList: generates a list of simple cycles and simple paths by factoring random walks.

— factors random walks, gives simple cycles and paths, constructs the Path-Sum for all entries

of a given partition
39



Implementation in Mathematica

© 060006 06 0 0 0 0
1110606606606 1609
©11160©0 06 0060
© 0611000 00 o

1 00006 06606 0601

entry {5,6}

t)] *— products):

J

OE[A(t’

entry {8,8}
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Conclusions and acknowledgments

Paih-Sum_

» anew approach

» analytical expression for U(t)
» convergence

» non perturbative formulation
» partitions and scalability

» other theory/applications to come...

©
anr agence nationale

de la recherche

P.-L. Giscard
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Accelarated Neumann Series

Proposition 3.1. Let I = R and let (t',t) € I? be two variables and let
g(t',t) be a generalized function of t',t. Let f(t',t) = f(t',t)O(t — t)
be a function of t',t over I? and K(t,t) := a(t)b(t)O(t —t). Let
a = SR{T,T)dT = Sﬁ(r)g(ﬂd'r. Then the solution f of the linear

Volterra equation of the second kind f = g + K = f with kernel K is

S, i
(10) Ei{t')J. b(T) exp (J‘ &{T’)b{'r’)dr’) ot —)g(7,t) dr.

Remark 3.1. In the (typical) case where g itself takes on the form
g(t',t) = g(t',t)0O(t" — t), in the expression of Eq. @), g(T,t) can
be replaced with g(T,t) with the outer integral running from t to t'.
If instead one chooses g(t',t) = &(t' —t), then the Volterra equation
satisfied by f reads f = 1, + K = f, that is f is the =-resolvent of K,
f = Rg and FEy. @) simplifies to

Ry (t',t) = 8(t' —t) + a(t)b(t)e* )~ ot — ¢)
=5(t' —t) + K(',t)ed)-atg( — ¢).

In other terms, the x-resolvent of a kernel of the form K(t',t) =

a(t")b(t)0(t" —t) is exactly available in closed form.

Proof. We proceed by induction on the Neumann series f =
(En K *”} # g. Convergence of this series is guaranteed whenever a and
b are bounded over all compact subintervals of I, however existence of
the final form for f is clearly independent from this assumption. In
this situation this form can be understood as the analytic continuation
of the original Neumann series.
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Other applications in NMR

Exact solutions for the time-evolution of quantum spin systems under arbitrary waveforms
using algebraic graph theory

Pierre-Louis Giscard
Université Littoral Cote d’Opale, UR 2597, LMPA, Laboratoire de Mathématigues Pures et Appliguées, Joseph Liouville, F-62100 Calais, France

Mohammadali Foroozandeh

Chemistry Research Laboratory, University of Oxford, Mansfield Road, Oxford, OX1 3TA, UK

0.5r

0.0r

=

H I 5o 1
Figure 2: Graph & s showing the stmucture of the quantum state space as =
imposed by the bipartite Hamiltonian 5#" when partitioned as per eq. (24). o5l & 4
Because the structure of G .+ and of the monopartite Hamiltonian graph & s -
of Figure 1 differ only in the presence of a central loop on veriex 2, the path- [ % e e e s w
sum formulation of the corresponding evolution operators will differ only in a : 1 {rms)
single term representing this loop. -Lor ,

0 2 4

Cite as: arXiv:2205.05195 [quant-ph]
(or arXiv:2205.05195v1 [quant-ph] for this version)
https://doi.org/10.48550/arXiv.2205.05195 o 44



Numerical implementation for small matrices

» The Volterra composition *

ot

(Fra)t.) =6 =) [ fw.n

discretize 1

(f*g)(t, 1) Zfz‘z‘ (t;, tr) At
\—,._/

i>2j >k
F.i.Gap Al

the key point

Matrix product !
1 Triangular matrices

» *-inverses : ‘ordinary inverses of triangular matrices ‘

well-conditioned (always)
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Heun functions (Giscard et al., , IEEE, 2021)

» newly implemented in

@ - version 12)

Re(Hg(2))

& N
d*He(z) v ) e |dHg(2) afz —q N 7 . ‘ ‘ : : ‘
=2 [4+Z—1 +4—t} dz +z(z—1)(2—?§)HG(4) =0 | | | : | | |
Code N Time (sec.)
—B(2) —By(z) HeunG | 1000 922
Python | 1000 0.0096
Algebra HeunG | 10000 224
Python | 10000 0.090
1 1 HeunG | 50000 110.8
M=) = (Bl(;) + By(z) =1 Biy(z)— 1) (2) = M(2)U(2) Python | 50000 0.43
HeunG | 100000 231
Python | 100000 0.90
HeunG | 200000 464
Python | 200000 1.87
» accuracy ~ 107° (...towards Gauss quadrature ~ 10-16)
» ... beats standard ODE solver with same number of points
» >> Zassenhaus (even for small matrices...) 46




Path-Sum vs other methods

» main goal — get an exact form for U(t)

»|FLOQUET || ZASSENHAUS MAGNUS [PATH-SUI\/I ]

FER/TROTTER-SUZUKI

» usually: on H(t) — choice in |FLOQUET ||ZASSENHAUS MAGNUS

FER/TROTTER-SUZUKI

» PATH-SUM is exact and PARTITIONS allow to choose the dimension of
the working space from H(t) to U(t)
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Scale invariance

Take a partition of a spin system in a set of (smaller, independent)
sub-systems

Sub-system n°2

sub-system n°1

Magnus or Floquet or Fer or ...

Magnus or Floquet or Fer or ...

sub-system n°3

Magnus or Floquet or Fer or ...

the exact evolution of the entire spin system as functions of the
evolutions of the isolated sub-systems is given by Path-Sum

(though non contiguous blocks in H(t) matrix!)
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WHY does Path-Sum work?

» the EXACT result is given by a FINITE number of terms
» the matrix nature of the problem is fully replaced when working on entries

» or, one can keep it partially... — PARTITIONS

» hard work —

» hopefully: the Neumann series give the analytical solution at any order with
unconditional convergence (not to be “found” ... just apply a "recipe")

» the convergence of the Neumann series is superexponential
» a convenient numerical approach: linear Volterra equations (2"9 kind)
0 €

D2 u+ L4 - + D,u+
‘ r z—1 x-—a x(

afr—q

e l)(l’a)] u=>0

ex.: the best obtainable solution for the general 2 x 2 matrix (closed form
for the confluent Heun'’s special functions) (see Q. Xie, 2018) 49



Exponential explosions

» 15t explosion: related to the size of H(t) with many-body systems (Q nature)

» 2d explosion: related to the time needed to isolate the primes (& nature)

Lanczos—Path-Sum (numerical) fixes the 2"9 explosion:

Idea behind: initial H(t) — time dependent tridiagonal matrix

expectations: to reach excellent convergence with the breadth of the
continued fraction and why not ?... "Circumvent" the 15t explosion
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Complexity theory

» for finite & : the decomposition of %/ in primes (e.g. simple paths &

cycles) for the B (nested) operation exists and is unique

|

» to determine the existence of a prime of length L is NP-complete (no(?)
algorithm with polynomial complexity)

» to count them is #P-complete (the same but for counting problems)
» to count them for a fixed length L is #W[1]-complete (same as #P-complete but

with parameters, such as L, taken into account)

» BUT: for sparse & : counting becomes polynomial in the max degree

of Z!

see: P.L. Giscard et al., Algorithmica, 2019 el



Mathematical conditions on A(t) for Path-Sum to be valid -1

» fundamentally: 2. entdA )] %OE[A(t)] — Path-Sum

. product =

» each entry of A(t) must be bounded on [0,t], a bounded interval of time

» if the entries are not bounded, Path-Sum still work ... but perhaps the
Neumann series will not converge

» continuity is not necessary

» if continuity: Volterra equations are much easier to handle

» A(t) can be Hermitian or not, periodic or not ... and entries can be:
matrices, quaternions, octonions, division rings...
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Mathematical conditions on A(t) for Path-Sum to be valid -2

» finite A(t): sufficient condition for finite breadth of the continued fraction

» NOT a necessary condition: ex. a finite number of simples cycles in an infinite matrix

» in some cases, Path-Sum can still be applied on infinite matrices: strong symmetry, e.g.
invariance by translation (soluble non-linear Volterra equations)

In other words:

m infinity of cycles ... but self-similar like in a fractal

m the corresponding continued fraction is of finite breadth
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Taylor and Neumann series

» take one entry: f(t) = OE[A(D)];;

o FI(0)
n=0  p

» Taylor series: expansionin t™ i.e. f(t) = t"

ex.: %_t =Yoo tt=14+t+t?+--+t"+--withr = 1 (radius of CV)

» Neumann series: uses the e f(t) = X0

each order contains functions represented by intinite Taylor series

= oo (!)with uniform & superexponential CV
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N spins starting with a pure state

» starting with a pure state with 1 up-spin (total: N, any geometry)

Path-sum contains all N-order correlations

all terms of the Neumann series are explicitly known

_)lf wrot == O

still analytical up to the CV of the series to the solution

» starting with a pure state with 4 or 5 up-spin is still tractable

(i.e. no exponential explosion)
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Pure state vs partial polarization

» Pure state: if k up-spins over N and k << N — space of states dim. ~ N*

(suppression of the exponential explosion)

inti,j
intv. = cut—-off

» Partial polarization: a cut-off is needed — if | | then

inti,j: 0

cut-off : « high » for chains but decreases for more « dense » spin systems

next target: to extend Path-Sum to mixed states via a decomposition on
pure states
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N spin chains and Hp

10---

t=0 H
o/

«— T

H /
1
N H 5 Hy |
l l« Wyot =

A N = 30

o

a

—

S

4

@

o)

Vv

— .‘.\.—-.h_.—‘.".'."."'."r".‘-.".-féf(-)r-r-.-f‘-‘zféT-T-r'Té‘:0

30---

<back to 1 prob.>
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P.-L. Giscard, C. Bonhomme, ArXiv 2019 S7



Feynman paths and diagrams

« With application to quantum mechanics, path integrals suffer most
grievously from a serious defect. They do not permit a discussion of spin
operators or other such operators in a simple and lucid way » (R.P. Feynman)

» Path-sum can be used starting from the Lagrangian with action as weight on
a given %

» Path-sum can be used starting from the Hamiltonian with energy as weight
on a given %/

» Feynman diagrams: 2/ of & in the state space (but continuous)

» Path-sum performs a formal re-summation of an infinite number of 7,
l.e. Feynman diagrams !
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Numerical implementation for larger matrices

Lanczos algorithm — classical tridiagonalization

Pozza, Giscard
2020- 2022

*— Lanczos Path-Sum algorithm

a(t’y b(th

full

Al) =1 c(th
tridiagonal
T!l(t’)= ﬁl(t)

Graph of A — Path of T,

*— Lanczos

ay(t") 1,

L.

a very simple continued fraction to handle !

=

ex.: entry {v w}
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Numerical implementation for larger matrices

Matching Moment Property

H * ] H * ] : i
w (AN v=e1 (T )er, for j=0,...,2n—1
full a(t) bm(t') 1 a
AO=cey .. - |H (B1,1-) 0
2 q
(B2:1*)
? 3
tridiagonal
at) 1, * /
O N " 8() on
SR Y (b I Y () l
a very simple continued fraction to handle !

t}'
approximation of w/U(t' t)vlx el U, (t'.t) e |= O — 1‘)/ Ri(Ty)11(7,t) dr;
individual entry ‘

_ . x—1
Re(Tn)1,1(t',t) = (1* —ag— Ly — a1 — (L — ) 7 hx 3) ! *31)



