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Nuclear Magnetic Resonance

→ atomic beams

→ condensed matter

(high P gas, solutions, 
solids)

« … In this method, developed independently

by two research groups headed respectively

by F. Bloch and E. M. Purcell, the detection of 

the passage through the resonance is based

on a modification occuring at resonance in 

the electromagnetic device itself that

« drives » the resonant transition of 

interest… »

in: Principles of Nuclear Magnetism , 

A. Abragam, 1961 (CEA, Collège de France)

A. Abragam
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Nuclear Magnetic Resonance
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• Mathematical treatment of NMR

• Multidimensional NMR

• Relaxation

• Solid State NMR

• Gradients and imaging



O

A (m,v)

L = OA ∧ mv

circular orbit quantum mechanics: quantification

L = [J(J+1)] 1/2 h

J = 0, 1, 2...

EJ = B J(J+1)

Planck’s constant :

h = 6.62608. 10-34 J.S

MJ = - J, - J+1, ...., +J

quantum number (azimuth )

rotational
constant 

"in regognition of the 
services he rendered to the 
advancement of physics by 

his discovery of energy
quanta", 

Physics, 1918

Angular momentum
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EJ = B J(J+1) 

B0 = 0

(2J+1) degenerated levels

B0 ≠ 0

B0

further splitting

J=3

J=2

J=1
J=0

"in recognition of the 
extraordinary services they

rendered by the researches into
the influence of magnetism

upon radiation phenomena",

Physics, 1902 (with Lorentz)

Magnetic field – Zeeman effect
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angular momentum intrinsic property

(p, n, e -, photon, muon ....)

[I (I+1)]1/2 h

(2I+1) levels

deg.

non deg.

ex :

ORBITAL angular
momentum

SPIN angular
momentum

e-

composition of J 1 and J 2

J3 ∈ lJ1 − J2l

lJ1+J2l

…

Spin
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nucleons n and p

atomic nucleus

atomic number: Z

(p)

mass number: A

(n+p)
isotopes

spin number

12C = 6p + 6n (98.9%)

13C = 6p + 7n (1.1%)

(14C = 6p + 8n)

ex :

nuclear spin:

"combination of p spin 
and n spin"

nuclear spin of the ground state

here : I = 1

~ 1011 kJ.mol -1

Atomic structure

I
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angular momentum intrinsic property

(p, n, e -, photon, muon ....)

[I (I+1)]1/2 h and m I = - I, -I + 1, …, +I

(2I+1) levels

deg.

non deg.

Spin
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h is the quantum of angular momentum
(sometimes h = 1)



I ≠ 0  

13C: Ι = ½ (1.1%)

NMR …

isotope

spin I (m I)

natural abundance (%)

gyromagnetic ratio 

(rad s -1 T-1)

13C

DP =
lγXl3 (%X)  (I x+1) IX

γ1H
3 (%1H)  (I1H+1) I1H

receptivity:

DP(13C) =0.00017... !

Spin number I

odd A → half integer I

even A, even charge → I = 0

even A, odd charge → integer I
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The NMR experiment
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energy levels

m I = -1/2

m I = +1/2

∆E = │γ │hB0 / 2π

ν0  = │ γ │ B0 / 2π

LARMOR FREQUENCY

B0

« mechanical » action of B 0

angular momentum theorem:

0B µ  γ
dt

µd rr
r

∧=

PRECESSION

mechanical analogy

gm OC 
dt

Ld r
r

∧=

00 B γ- 
rr

=ω

F. Bloch et coll., Phys. Rev ., 69, 127 (1946)

0

Static B 0 field – Larmor frequency
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Earth magnetic field

~ 50 mT

B0 (T) ν0 (1H) (MHz) 

7

14

21 

300 

600

900

to « work on a: »

1H : 400 MHz

13C : 100 MHz

15N : 40 MHz

.....

Order of magnitudes

23.3 1000
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Purcell’s vision 

« … There the snow lay around my doorstep –

great heaps of protons quietly precessing in 

the Earth’s magnetic field . To see the world 

for a moment as something rich and strange

is the private reward of many discovery … »

(!) 

in: Spin Dynamics , M. H. Levitt., 2002 15



γ h = gN βN

gN = 5.5855

βN = eh/(2mP)

electron case

ge = 2.0023

βe = eh/(2me)

Order of magnitude

B ≈ 0.3 T 

ν = 9 GHz = 9.109 Hz ; λ ≈ 3 cm

microwaves

proton case

= 5.051 10-27 J.T-1

= 9.274 10-24 J.T-1

ge βe B

NMR vs EPR
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mΙ = -1/2

m I = +1/2
+

-

)
kT

∆E
(- exp 

P

P- =
+

high T approximation

kT

Bγ
   - 1 

P

P 0- h≈
+

k: Boltzmann constant

1.3806 10-23 J.K -1

1H

B0 = 9.4T

room T

≈ 6.10-5 !

Curie’s law

Méq. =
N γ2 h2 B0 I (I+1)

12 π2 kT

Méq.

B0: highest as possible !

relaxation

Mz = Méq. ( 1 – exp{–(t – t on)/T1} )

T1 ~ s, min, h...

Macroscopic magnetization – T 1 relaxation 

∆E = │γ │hB0 / 2π

F. Bloch
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oscillating field (along xL for instance)

amplitude 2B1, pulsation ωref

xL

yL

2B1 cos( ωreft)

B1 B1
ωreftωreft

B0 and B 1 action

xL

zL

yL
B1

B0

[ ](t)BB µ  γ
dt

µd
10

rrr
r

+∧=

x

z

y
B1

B0rotating frame T

[ ]eff.B µ  γ
Tdt

µd rr
r

∧=








B1 RF field – rotating frame high resolution NMR solid state NMR clinical imaging

B1 (Tesla) 5 10−4 2 10−3 10−5
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x

z

y

B1

B0
rotating frame T

Beff.

[ ]eff.B µ  γ
Tdt

µd rr
r

∧=








xB  )
γ

ω
-B(  B  1

ref
0eff.

rrrrr
+= z

nutation around B eff

ωref / │γ │

Ω0 = ω0 − ωref

rad s −1

│γ │ B1

Resonance

at resonance
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magnetic
moment

spin angular momentum

gyromagnetic ratio

B0 (~10T)

My

Man, Encyclopedia of analytical 
chemistry, 2000, 12228.

µ = γ h Î^

Summary
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∆mI = ± 1 



R. Ernst and W. Anderson: Fourier Transform NMR 
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RF pulse (B 1)

FID (Free Induction Decay)

(time domain !)

back to equilibrium

N times !

spectrum

(frequency domain !)

■ position (shift)
■ linewidth
■ intensity

Signal/Noise ~ √ N

Levitt, Spin dynamics, 2002.

ωosc = (L CT) −1/2

matching tuning

B0

B1
(L)

RF NMR signal

amplification

digitalizationtreatment

wait ~ 5 T 1
FFT 

Fourier Transform NMR 

« T2 » 
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Fourier transformation and data processing

1° digitization
time domain (FID) → frequency (spectrum)

2° discrete FFT ( 1965, Princeton)
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Fourier transformation and data processing

3° lineshape and phase time domain (FID) → frequency (spectrum)

then … manipulate the FID ?

4° phase correction

credits to 24



Manipulating the FID

1° weighting funtions

2° other weighting functions

3° truncation

4° zero filling
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Outline

• Nuclear spin – the NMR experiment

• Mathematical treatment of NMR

• Multidimensional NMR

• Relaxation

• Solid State NMR

• Gradients and imaging

Nature Protocols, 2012
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~ 1018 spins: density matrix

ρ (t) =  

observable

Man, Encyclopedia of analytical chemistry, 2000, 1222 8.

ν0+∆A

mΙ = -1/2

mΙ = +1/2

H0
^

A: interaction 

ex: I y

Quantum mechanics applied to NMR

HZ
^

^

^

^ ^

27

commutator

Liouville – von Neumann equation

hermitian

ρ = ρ^ ^ †

ρ = │Ψ > < Ψ │^
averages



quadrupolar interaction  (I > ½)

(CS, D, Q...)

nuclear spin operator

other spin operator or 
B0...

A: the interaction

second rank tensor

(assumed) 

mathematical treatment

anisotropy: why ?

diagonal in the PAS LABO 

0
0

Frydman, Encyclopedia of NMR, supp. Vol., 263.
Levitt, Spin dynamics, 2002.

CQ ≠ 0

chemical shift : δ

dipolar coupling : D

indirect coupling : J

(Principal Axes System)

Internal interactions
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Full NMR hamiltonians in the context of QM

Zeeman interaction

gradient field

external spin interactions

RF field: ex.

H0 = − γB0 I z = − Σ γj B0 Ιz
j

HRF = − γB1 I x for an x pulse

HRF = − γB1 (− I x) for an − x pulse …

^ ^ ^

^ ^

^^

Hgrad
j (r, t) = − γj Gx(t)x I z

j for gradient Gx along x−axis
^ ^

Hgrad
j (r, t) = − γj Gy(t)y I z

j for gradient Gy along y−axis
^ ^

Hgrad
j (r, t) = − γj Gz(t)z I z

j for gradient Gz along z−axis
^ ^

"in recognition of the 
extraordinary services they

rendered by the researches into
the influence of magnetism

upon radiation phenomena",

Physics, 1902 (with Lorentz)
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Full NMR hamiltonians in the context of QM

credits to

chemical shift

internal spin interactions

internuclear distance !

indirect J coupling

dipolar coupling

HJ = 2π I j J I k
^^ ^

30



Full NMR hamiltonians in the context of QM

quadrupolar interaction
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Truncated NMR hamiltonians – secular parts

chemical shift

internal spin interactions

dipolar coupling

quadrupolar coupling

32



Action of hamiltonians: "pushing" the density operator !

Liouville – von Neumann equation

If… H independent of t

commutator

density operator at equilibrium

(high T approximation) 

33

unitary operator

§§§§§§§§^ ^



Exponential of a diagonal matrix

http://www.math.vt.edu/people/renardym/class_home/n ova/bifs/node6.html

σ2t

σnt

σ1t
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Matrices of spin operators

ex. I = ½ (Pauli spin matrices )

ex. I ≠ ½ → rules

credits to

^ ^ ^

^

35

hermitian matrices

A = A^ ^ †



A first example of application

ex. I = ½ (Pauli spin matrices )

^ ^

^ ^

^ ^ ^

^

start → (ω0 = − γ B0)

36



I > ½

ex. I = 1 (2H, 14N)

2 spectral lines !

^ ^ ^

^

^

^ ^ ^

^ ^^ ^

^

^ ^
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Effect of RF pulses – Hahn echo ( 1950)

→start
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Product operators (PO) formalism

weak coupling – very short RF pulses – clear distinct ion between RF and free 
precession – no relaxation – I = ½ (or not …) 

■ complete QM approach

■ clear physical meaning
of operators

■ geometrical rotations

■ can be implemented in

39



Product operators (PO) formalism

ex. one-spin system

credits to

chemical shift
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Product operators (PO) formalism

ex. two-spins system or more …

start

evolution
under …

target

indirect J coupling

41



Product operators (PO) formalism

geometrical description

42



Product operators tree: speeding things up …
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Fundamental blocks in NMR

generation of anti-phase terms

credits to

back in phase

coherence transfer
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Fundamental blocks in NMR

echoes

homonuclear spin system

heteronuclear spin system
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Fundamental blocks in NMR

heteronuclear coherence transfer using INEPT

coherence transfer using HMQC

generation of multiple quantum (MQ) coherences

46



INEPT
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The physical content of the density operator

■ populations

■ coherences

■ coherence order

■ combination coherences & simple
coherences

■ coherence frequencies

■ observable coherences (simple −1Q)

ρ = │Ψ > < Ψ │^I+ = Ix + Iy Ι- = Ix − i Iy
^ ^ ^^ ^ ^

ρ =^

48

ρ +βα



Phase cycling

rules

■ coherence order, p

■ only p = −1 is observable

■ ±N for N spins ( I = ½)
coherence transfer pathway

credits to
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Phase cycling

phase of the pulses ( ΦA, ΦB …)

phase of the receiver ( Φrec)

ΦA

A

∆p

p = −1 rec

∆pA ΦA + ∆pB ΦB +… + Φrec = 0

ΦA

A ΦA

Φrec

50J. Magn. Reson., 2011. 



Field gradient pulses ( G)

coherences dephase

subsequent G may rephase some coherences
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Outline

• Nuclear spin – the NMR experiment

• Mathematical treatment of NMR

• Multidimensional NMR

• Relaxation

• Solid State NMR

• Gradients and imaging

Nature Protocols, 2012

52



J. Jeener and R. Ernst : 2 dimensional (2D) Fourier T ransform NMR

Discrete Fourier transform

Uniform sampling 53



2D NMR credits to: P. Grandinetti,
NMR course, sept. 5, 2013

phase modulation

amplitude modulation
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2D NMR – double FT credits to
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Pure absorption 2D spectra

phase twist

pure absorption mode

States procedure

credits to
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Essential 2D experiments

COSY

COSY DQF (double quantum filtered)

credits to
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COSY
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COSY
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Essential 2D experiments

DQ spectroscopy INADEQUATE

HSQC

HMBC
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Essential 2D experiments

HETCOR

TOCSY

61



TOCSY credits to
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99% 15N-human ubiquitin

δ and J : selection, transfer, edition, correlation ... (COS Y, INEPT, HETCOR...)

D : relaxation ... (NOESY...)

15N

1H

3D, 4D, … NMR

15N

15N

15N 63



NMR of proteins

www.mhhe.com/physsci/chemistry/carey/student/
64



NMR of proteins

■ isotope labeling

■ restraints

■modeling

■ structure …

TROSY 
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Applications: relaxation and dynamics of proteins

www. ibs .fr/groups/protein-dynamics-and-flexibility

⌂ proteins ARE dynamic

⌂ ps to s timescales

→ static models are not sufficient

⌂ conformational flexibility

⌂ folding

…

local flexibility ⌂ 

relaxation T 1, T2 ⌂ 

collective motions ⌂

relaxation T 1ρ, CPMG ⌂ 

lineshape analysis ⌂ 

NOESY ⌂

H/D exchange ⌂

labeling schemes … ⌂
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Applications: relaxation and dynamics of proteins

Carine Van Heijenoort , ICSN, Gif/Yvette, France

J. Struct. Biol. 188 (2014) 71-78
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Outline

• Nuclear spin – the NMR experiment

• Mathematical treatment of NMR

• Multidimensional NMR

• Relaxation

• Solid State NMR

• Gradients and imaging

Nature Protocols, 2012
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Bloch equations ( Phys. Rev. 70, 1946, 460-474 ) 

limitations of the Bloch equations credits to: P. Grandinetti,
NMR course, sept. 5, 2013

in the rotating frame T
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Measurements of T 1 and T 2

saturation recovery experiment (T 1)

Carr−Purcell Meiboom −Gill (T 2)
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Introduction to relaxation theory

random field relaxation − fluctuating fields

fluctuations of Bx at two different spins

G(τ) = < Bx
2 > e

G(τ) = < Bx(t) B x(t+τ) > ≠ 0 

autocorrelation functions and τC

■ autocorrelation function

−│τ │/ τC
■ assumption

■ normalized spectral density
FT

71

τC (ns) 

T1 (s) 

credits to:

B0 = 11.7 T

1H 

<Bx
2> = 10-8 T2



BPP theory ( Bloembergen, Purcell, Pound, Phys .Rev. 1948)

72

ex.: dipole −dipole relaxation



NOESY… finally

Solomon equations

across ~ r − 6
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An example
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Other relaxation mecanisms

75

Cross relaxation



Applications: electronic paramagnetic relaxation for bio logical macromolecules dynamics

⌂ restraints for protein structure determination

⌂ probe/nucleus distance

⌂ dynamics

⌂ EPR & NMR

…

paramagnetic ion in a molecule ⌂ 

paramagnetic tag ⌂ 

pseudocontact shift ⌂

residual dipolar couplings ⌂ 

paramagnetic relaxation ⌂ 

… ⌂

www.cerm.unifi.it/paramagnetism-assisted-nmr
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Bruno Kieffer , IGBMC, Strasbourg, France

Applications: electronic paramagnetic relaxation for bio logical macromolecules dynamics
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Outline

• Nuclear spin – the NMR experiment

• Mathematical treatment of NMR

• Multidimensional NMR

• Relaxation

• Solid State NMR

• Gradients and imaging

Nature Protocols, 2012

78



quadrupolar interaction  (I > ½)

(CS, D, Q...)

nuclear spin operator

other spin operator or 
B0...

A: the interaction

second rank tensor

(assumed) 

mathematical treatment

anisotropy: why ?

diagonal in the PAS LABO 

0
0

Frydman, Encyclopedia of NMR, supp. Vol., 263.

Levitt, Spin dynamics, 2002.

CQ ≠ 0

chemical shift : δ

dipolar coupling : D

indirect coupling : J

(Principal Axes System)

Internal interactions
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Principal values – ellipsoid representation
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Powders available
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Resolution in solid state NMR
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Magic Angle Spinning (MAS): a kind …of miracle ( Andrew et al. , Nature, 1959 )
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MAS at finite frequency
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Quadrupolar interaction ( I > ½): first order perturbation theory
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Quadrupolar interaction ( I > ½): second order perturbation theory
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Quadrupolar interaction (second order): MAS
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Quadrupolar nuclei and macroscopic reorientations
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Rotation around a unique axis: MQ -MAS
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Applications of MQ -MAS
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Applications: NMR and materials

⌂ crystals (organic, inorganic) & glasses

⌂ polymers & soft materials

⌂ organic-inorganic hybrids

⌂ cements & pastes

⌂ ceramics

⌂ biomaterials

⌂ catalysts & zeolites

…

www.personal.utulsa.edu/~geoffrey-price/zeolite/

www.acmecompany.com/Pages/glass.html

(almost) all nuclei in the periodic table ⌂

ultra high field and ultra fast MAS ⌂

decoupling / recoupling under fast MAS ⌂

specific pulse schemes for Q nuclei ⌂

DAS, DOR, MQMAS ⌂

very low / high T ⌂

… 
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Applications: NMR and materials

Pierre Florian , CEMHTI, Orléans, France

Geochim. Cosmochim. Acta, 126 (2014) 495-517
92



Cross Polarization (CP) – Hartmann-Hahn condition
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The CP MAS combination

94

high resolution NMR solid state NMR clinical imaging

B1 (Tesla) 5 10−4 2 10−3 10−5



1H solid state NMR
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The combination of two averaging processes
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Decoupling / recoupling in solid state NMR
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Applications: solid state NMR and biomolecules

⌂ proteins

⌂ role of water molecules

⌂ polymorphism

⌂ molecules of pharmaceutical interest

…

1H, 13C, 15N (17O, 31P) ⌂

2H ⌂

ultra high B 0 field, ultra fast MAS ⌂

high res. 1H solid state NMR: methodology ⌂

low power decoupling ⌂

sample preparation ⌂

hyperpolarization (DNP…) ⌂ 

… 

http://www.chem.iastate.edu/faculty/Mei_Hong/resear ch

www.biokemi.org/biozoom 98



Applications: solid state NMR and biomolecules

Guido Pintacuda , CRMN, Lyon, France

J. Magn. Reson, 253 (2015) 36-49

Biophys. J., 107 (2014) 941-946 99



Mathematical tools for solid state NMR experiments

Average Hamiltonian theory (AHT)

credits to

Magnus expansion

J. Waugh

Floquet approach
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Outline

• Nuclear spin – the NMR experiment

• Mathematical treatment of NMR

• Multidimensional NMR

• Relaxation

• Solid State NMR

• Gradients and imaging

Nature Protocols, 2012

101



MRI 
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Introduction to gradients 

dedicated to:

■ compensation of field inhomogeneities (shims)

■ coherence selection

■ space encoding for image acquisition

getting a Gx gradient 

credits to

103



Gradient echoes
credits to

field gradient

Gz

Gz

104

magnetization helix

start

echo

(shifted in 
phase)

B(r) = B0 ez + Gz z ez



NMR imaging

www.ebyte.it/library/educards/mri/K-SpaceMRI 105

slice selection

−γGx x

−γGy y



Applications: imaging and MRI

⌂ field gradients

⌂ Magnetic Resonance Imaging (MRI)

⌂ functional imaging

…

spatial encoding ⌂

image contrast ⌂ 

T1, T2−weighted images ⌂ 

contrast agents ⌂

pixels, matrices, slices ⌂ 

SNR ⌂ 

… ⌂
www.stlukeshouston.com/OurServices/

106
high resolution NMR solid state NMR clinical imaging

B1 (Tesla) 5 10−4 2 10−3 10−5



Elodie Parzy , RMSB, Bordeaux, France

Applications: imaging and MRI

107



What else ?

108

back to SENSITIVITY ! …



Applications: hyperpolarization

⌂ NMR sensitivity: THE challenge !

⌂ from thermal equlibrium to …

⌂ non equilibrium polarization

noble gas atoms: 129Xe, 131Xe, 83Kr… ⌂ 

3He ⌂ 

Dynamic Nuclear Polarization (DNP) ⌂

photochemical DNP ⌂ 

parahydrogen ⌂ 

optical excitation of NV − center ⌂ 

hyperpolarized singlet MRI ⌂

… 

https://pines.berkeley.edu/research/hyperpolarizatio n

http://www.chem.tamu.edu/rgroup/hilty
109



Applications: hyperpolarization

CEA, Grenoble, France, Sabine Hediger

Patrick Berthault , CEA Saclay, France

Solid State NMR, 66-67 (2015) 6-20
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As a conclusion: the NMR saga continues …
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